Abstract. In this paper, we study the Lagrangian F-stability and Hamiltonian F-stability of Lagrangian self-shrinkers. We prove a characterization theorem for the Hamiltonian F-stability of n-dimensional complete Lagrangian self-shrinkers without boundary, with polynomial volume growth and with the second fundamental form satisfying the condition that there exist constants C0 > 0 and ε < 1 16n such that |A| 2 ≤ C0 +ε|x| 2 . We characterize the Hamiltonian F-stablity by the eigenvalues and eigenspaces of the drifted Laplacian.
The entropy λ = λ(Σ) is the supremum of the F x 0 ,t 0 functionals λ = sup x 0 ∈R n+p ,t 0 >0 F x 0 ,t 0 (Σ).
In [6] , Colding-Minicozzi proved that self-shrinkers are the critical points for the F 0,1 functional by computing the first variation formula of F 0,1 . They also computed the second variation formula, and defined F-stability of a self-shrinker by modding out translations. More precisely, a self-shrinker Σ is said to be F-stable if for every compactly supported variation Σ s with Σ 0 = Σ, there exist variations x s of x 0 and t s of t 0 that make F ′′ = (F xs,ts (Σ s )) ′′ ≥ 0 at s = 0. They also defined a self-shrinker to be entropy-stable if it is a local minimum for the entropy functional.
Colding-Minicozzi [6] showed that the round sphere and hyperplanes are the only Fstable self-shrinkers in R n+1 . By studying the relationship between F-stability and entropystability, they proved that every singularity other than spheres and cylinders can be perturbed away.
In 2002, Andrews-Li-Wei [2] , Arezzo-Sun [3] and Lee-Lue [13] independently generalized Colding-Minicozzi's work [6] from the hypersurface case to the higher codimensional case. They computed the first and second variation formulae of the F-functional, and studied F-stability of self-shrinkers in higher codimension.
The normal bundle brings much difficulty for the classification of self-shrinkers in higher codimensions. In [17] , Smoczyk classified self-shrinkers with H = 0 and parallel principal normal. Andrews-Li-Wei [2] classified F-stable self-shrinkers with parallel principal normal by using Smoczyk's result. In [13] , Lee-Lue found an equivalent condition to the F-stabiliy. Moreover, they proved that in some cases the closed Lagrangian self-shrinkers given by Anciaux in [1] are Lagrangian F-unstable. See [2, 3, 4, 5, 13, 14, 17] , etc. for some other interesting results on self-shrinkers in higher codimensions.
A self-shrinker Σ n in C n is called a Lagrangian self-shrinker, if it is also a Lagrangian submanifold. Lagrangian self-shrinkers are very important examples of self-shrinkers in higher codimension. Anciaux [1] and Joyce-Lee-Tsui [12] constructed some examples of Lagrangian self-shrinkers.
In 1990, Oh [16] introduced the notion of Hamiltonian stability of minimal Lagrangian submanifolds in Kähler-Einstein manifolds, which means stability under Hamiltonian variations. He found a criterion for the Hamiltonian stability, which reduces the Hamiltonian stability to the first eigenvalue of the Laplacian ∆ acting on functions. Motivated by this result, we also get a characterization theorem for Hamiltonian F-stability (see Definition 3.2) of complete Lagrangian self-shrinkers in C n , which reduces the Hamiltonian F-stability to the spectral property of drifted Laplacian L acting on functions. Since the F-stability is defined by modding out the translations, our result is related to not only eigenvalues but also eigenfunctions. Our theorem is as follows: Theorem 1.1. Let Σ n ⊂ C n be a smooth complete Lagrangian self-shrinker without boundary and with polynomial volume growth. Suppose there exist constants C 0 > 0 and ε < 1 16n such that |A| 2 ≤ C 0 + ε|x| 2 . Then the following statements are equivalent: 
). For example, the clifford torus, cylinders, and manifolds that are asymptotic to cones, and so on.
With the characterization theorem, it is natural to think about classifying Hamiltonian Fstable Lagrangian self-shrinkers. It is natural to ask whether Clifford torus is the only closed Hamiltonian F-stable Lagrangian self-shrinker in C n , whether
are the only noncompact Hamiltonian F-stable Lagrangian self-shrinkers without boundary, with polynomial volume growth and satisfying
) in C n , and whether there exist any other examples of Hamiltonian F-stable Lagrangian self-shrinkers. In [6] , Colding-Minicozzi classified F-stable self-shrinkers by showing that F-stability implies mean convexity (i.e. H ≥ 0) and then classifying the mean convex self-shrinkers. However, in our case, the method does not apply. In fact, it is hard to get information about the mean curvature from Hamiltonian F-stability. This makes classification very difficult.
After we got the characterization theorem for Hamiltonian F-stability of closed Lagrangian self-shrinkers, and while we were trying to prove some classification results, we found on December 18, 2013 on arXiv that Li-Zhang [15] also obtained the same characterization theorem for the closed case. For the purpose of completeness, and to make our paper more readable, we will also include the closed case and our own proof of it in this paper.
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Preliminaries
In this section, we recall some known results that were first proved by Colding-Minicozzi [6] for the hypersurface case, and then generalized by [2, 3, 13] to the higher codimension case. The results will be used in the following sections.
Recall that given x 0 ∈ R n+p and t 0 > 0, F x 0 ,t 0 is defined by
The first variation formula of F x 0 ,t 0 is Lemma 2.1. Let Σ s ⊂ R n+p be a variation of Σ with normal variation vector field V . If x s and t s are variations of x 0 and t 0 with x ′ 0 = y and
. 
It follows that
where
The linear operator defined by Now we display here some known properties that will be used in our paper. Denote by x A (A = 1, 2, · · · , x + p) the coordinate functions of Σ in R n+p , i.e. x A is the A-th component of the position vector x, then Lemma 2.6. If Σ n ⊂ R n+p is a self-shrinker, then
and for every constant vector field y,
From (2.2) we see the coordinate functions are eigenfunctions of L corresponding to the eigenvalue 1 2 . From (2.5) and (2.6) we see H and y ⊥ are both vector-valued eigenfunctions of L.
Lagrangian F-stability and Hamiltonian F-stability
In this section, we will define Lagrangian F-stability and Hamiltonian F-stability of Lagrangian self-shrinkers (also defined in [3, 13, 15] ). Recall the definition of Lagrangian and Hamiltonian variations on a Lagrangian submanifold.
Definition 3.1. [16] Let (M,ω) be a symplectic manifold M . Let Σ ⊂ M be a Lagrangian submanifold and V be a vector field along Σ. V is called a Lagrangian (resp. Hamiltonian) variation if it satisfies that the one form i * (V ⌋ω) on Σ is closed (resp. exact).
Note that both Lagrangian variations and Hamiltonian variations have some equivalent definitions. 
where f is a function on L and ∇ is the gradient on L with respect to the induced metric. Now we are ready to define Lagrangian F-stability and Hamiltonian F-stability of Lagrangian self-shrinkers. Definition 3.2. We say a Lagrangian self-shrinker Σ is Lagrangian (resp. Hamiltonian) F-stable if for every compactly supported Lagrangian (resp. Hamiltonian) variations Σ s with Σ 0 = Σ, there exist variations x s of x 0 and t s of t 0 that make F ′′ ≥ 0.
It is obvious that a Hamiltonian variation is also a Lagrangian variation, so Lagrangian F-stability implies Hamiltonian F-stability.
Examples
We begin with some simple examples to observe the Lagrangian F-stability and Hamiltonian F-stability of Lagrangian self-shrinkers. It is well known that the simplest example of an n-dimensional closed Lagrangian self-shrinkers in C n is the Clifford torus T n , while the simplest example of an n-dimensional noncompact Lagrangian self-shrinker in C n besides R n is the cylinder S 1 ( √ 2) × R n−1 . In this section, we will study the Lagrangian F-stability and Hamiltonian F-stability of these two examples. The proof in this section is inspired by Colding-Minicozzi's proof of Lemma 4.23 in [6] .
Proof. For simplicity, we only prove the case n = 2. The proof for the case n > 2 is very similar. The cylinder can be expressed as
We choose
Using the standard complex structure J in C 2 ,
we choose
Thus {e 1 , e 2 } is an orthogonal basis of T Σ, {e 3 , e 4 } is an orthonormal basis of N Σ. Moreover,
Thus
Now suppose V = f e 3 + ge 4 . By Lemma 3.1 we get V is Lagrangian if and only if
It is easy to check that ∇ ⊥ e 3 = ∇ ⊥ e 4 = 0, thus
Therefore,
4 .
We compute
It is known that
with the associated eigenspace spanned by {cos kθ, sin kθ}, while
with the associated eigenspace spanned by Hermite Polynomials
with the associated eigenspace spanned by {1};
with the associated eigenspace spanned by {cos θ, sin θ, t}; and
with the associated eigenspace spanned by {t cos θ, t sin θ, t 2 − 2}. Notice that
where we used (4.1) in the fourth equality. Therefore, we can choose a 1 , a 2 , a 3 ∈ R, so that
where z = (−a 2 , −a 3 ), and −f 0 Lf 0 ≥ f 2 0 . We can also choose b 1 ∈ R so that
It follows that
Proof. For simplicity, we only prove the case n = 2. The proof for the case n > 2 is similar.
The Clifford torus can be expressed as
It is easy to compute that
(i) Now suppose V is a Hamiltonian variation. Then by Lemma 3.2, there exists a function f such that
It is easy to check that ∇ ⊥ e 3 = 0, ∇ ⊥ e 4 = 0. By similar computations with (4.2), we have
and
By the same method as in the proof of Theorem 4.1, we can get the Hamiltonian F-stability of the Clifford torus.
(ii)It is easy to check that V = e 3 − e 4 is a Lagrangian variation, and F ′′ < 0 for every h and y. Therefore,
is Lagrangian F-unstable. We leave the details to the readers.
Q.E.D.
The Hamiltonian F-stability of the Clifford torus and the cylinder is also an immediate corollary of our characterization theorem for Hamiltonian F-stability of complete Lagrangian self-shrinkers. See section 7 and section 9 for more details.
The Lagrangian F-stability of the cylinder was also mentioned by Li-Zhang in [15] . They also proved the results that the Clifford torus is Hamiltonian F-stable and Lagrangian Funstable as a corollary of their theorems. See [15] for more discussions on Lagrangian F-stability and Hamiltonian F-stability of closed Lagrangian self-shrinkers.
The operator L preserves Hamiltonian
Note that in the previous section, when we were computing LV in both examples, we used ∇ ⊥ e 3 = ∇ ⊥ e 4 = 0. Then the computation of LV was reduced to the action of L on coefficient functions. However, we cannot always find such a good frame for general Lagrangian self-shrinkers. So it seems not easy to compute LV in the general case.
In [16] , Oh studied Hamiltonian stability of minimal Lagrangian submanifolds in Kähler-Einstein manifolds, and characterized Hamiltonian stability by a condition on the first eigenvalue of ∆ acting on functions. The key point of Oh's proof is that, for a minimal Lagrangian submanifold of a Kähler-Einstein manifold, the set of Hamiltonian variations is an invariant subspace of the Jacobi operator. It is natural to think that this propery also holds for Lagrangian self-shrinkers. Oh proved this property by using the isomorphism between sections of N L and one-forms. He transferred all the computations from normal vector fields to forms, and used Hodge-decomposition. In [15] , Li-Zhang also made their computations on forms, and used the twisted Hodge Laplacian and twisted Hodge-decomposition. However, the property inspired us to to show the following equality on vector fields directly, though the computations are essentially equivalent with those on forms. The equality well characterizes how the operator L acts on Hamiltonian variations. Proof. Fix a point p. We choose a local orthonormal basis {e i } n i=1 of T Σ such that ∇ e i e j (p) = 0. Then since Σ is Lagrangian, {e n+i = Je i } n i=1 is a local orthonomal basis of N Σ. In the following we compute at the point p. It is easy to compute that
where in the last equality we used the Lagrangian property h n+k il = h n+l ik . On the other hand,
where in the third equality we used the Ricci formula; in the fourth equality we used the Gauss equation; and in the fifth equality we used the self-shrinker equation H = − 1 2 x ⊥ . This proves the theorem.
Second variation formula under Hamiltonian variations
From this section to the end of this paper, we will use square brackets [·] to denote weighted integrals
Then the second variation formula of F -functional can be written as
Now we assume V is a Hamiltonian variation, that is, there exists a function f , such that V = J∇f . Putting it into (6.2), we have
First note that, 
By approximation and Stokes' theorem, we get (6.4). Q.E.D. Substituting (5.1) and (6.4) into (6.3), we immediately get the second variation formula under Hamiltonian variations. 
Note that Li-Zhang (Proposition 4.1 in [15] ) also wrote the second variational formula under Hamiltonian variations, where they expressed it by forms and used d * f , the adjoint operator of d in the weighted L 2 space.
Hamiltonian F-stability of closed Lagrangian self-shrinkers
In this section, we prove a characterization theorem for Hamiltonian F-stability of closed Lagrangian self-shrinkers. This theorem was also proved in [15] (Theorem 1.3 ).
Theorem 7.1. Suppose Σ n ⊂ C n is a smooth closed Lagrangian self-shrinker, then the following statements are equivalent:
, and the eigenspace corresponding to the eigenvalue Proof. First we prove (ii) ⇒ (i). Given an arbitrary Hamiltonian vector field V = J∇f , by (ii) we can choose a 0 , a A ∈ R, A = 1, ..., 2n, such that
Putting (7.1) and (7.2) into (6.5), and using the orthogonality of the different eigenspaces, we get that
We choose h = 0 and y = Jz, then F ′′ ≥ 0. Therefore Σ is Hamiltonian F-stable. Now we prove (i) ⇒ (ii). Assume the contrary that (ii) does not hold. Then either (1) There exists a function f , such that Lf = −µf , where 0 < µ < 1, µ = 
First we consider case (1). Since Lf = −µf , by Corollary 2.5, we have
Since Ly ⊥ = Hence by (7.5), (7.6) and using Corollary 2.5, we get Therefore,
This contradicts with (i). This proves the theorem. Q.E.D.
Since the eigenvalues and eigenspaces of L on the Clifford torus satisfy (ii), it follows immediately that Corollary 7.2. The Clifford torus T n ⊂ C n is Hamiltonian F-stable.
Analysis on complete self-shrinkers
In this section, we deduce some estimates on complete self-shrinkers, which will be used to prove our characterization theorem in the next section. The estimates we get in this section are motivated by section 3 in [7] , where they got corresponding estimates on cylinders.
We use the same notations as in [7] . We denote the Gaussian L 2 -norm
and the associated Gaussian W 1,2 and W 2,2 norms
Lemma 8.1. Suppose Σ n ⊂ C n is a smooth complete self-shrinker without boundary. Then there exists a constant C, such that if
Proof. It is easy to check that
where the inequality used the absorbing inequality 2ab ≤ a 2 4 + 4b 2 . By approximation, we can assume that u has compact support on Σ, then by Stokes' theorem we have
The lemma follows since |x| 2 = |x T | 2 + |x ⊥ | 2 .
Q.E.D. By induction, we have Lemma 8.2. Suppose Σ n ⊂ C n is a smooth complete self-shrinker without boundary. Then there exists a constant C, such that if u ∈ W 2,2 (Σ), then
Proof. By using (8.2) three times, we get
, where the three inequalities used Lemma 8.1 for |x|u, u and |∇u|, respectively. This proves the lemma.
Lemma 8.3. Let Σ n ⊂ C n be a smooth complete self-shrinker without boundary. Suppose there exist constants C 0 > 0 and ε <
and Lu ∈ L 2 (Σ), then u ∈ W 2,2 (Σ), and there exists a constant C, such that
Proof. By integrating by parts, we get
It remains to bound ∇ 2 u L 2 . Let φ be a smooth function satisfying φ = 1 on B R , |∇φ| ≤ 1 on B R+2 \ B R , and φ = 0 on Σ \ B R+2 . By direct computation, we get
We estimate
where δ is to be determined later.
Recall the Bochner formula for the drifted Laplacian ∆ f u = ∆u − ∇f, ∇u ,
Then by our condition on the second fundamental form, we have
Combining (8.10) and (8.11) gives
Since ε < 1 16n , we can choose δ > 0 so that (1 − δ) 2 > 16nε. Thus by (8.4) and (8.12), we get
Thus the monotone convergence theorem gives u ∈ W 2,2 (Σ), and
This proves the lemma.
Hamiltonian F-stability of complete Lagrangian self-shrinkers
In this section, we prove our characterization theorem for Hamiltonian F-stability of complete Lagrangian self-shrinkers without boundary, with polynomial volume growth and with the second fundamental form satisfying the condition that there exist constants C 0 > 0 and ε < 1 16n such that |A| 2 ≤ C 0 + ε|x| 2 . In [8] , Cheng-Zhou studied the eigenvalues of the drifted Laplacian on complete metric measure spaces. In particular, they studied the spectrum of L on self-shrinkers, and proved that the spectrum of L is discrete for a properly immersed self-shrinker. Together with the result that for a self-shrinker, proper immersion, Euclidean volume growth, polynomial volume growth and finite weighted volume are equivalent each other (cf. [8, 9] ), their theorem can be stated as follows, Theorem 9.1. [8] Let Σ n be a complete n-dimensional self-shrinker in the Euclidean space R n+p , p ≥ 1. Assume Σ has polynomial volume growth, then the spectrum of L is discrete and consequently the first nonzero eigenvalue λ 1 of L has finite multiplicity and satisfies
Since Σ has polynomial volume growth, 0 is the least eigenvalue of L with multiplicity one and the associated eigenfunctions are non-zero constant functions. Thus the set of all eigenvalues of L is an increasing sequence
is an eigenfunction of L associated with the eigenvalue λ i (L). Our characterization theorem is as follows. such that |A| 2 ≤ C 0 + ε|x| 2 . Then the following statements are equivalent:
, and the eigenspace corresponding to the eigenvalue Proof. First we prove (ii) ⇒ (i). Given an arbitrary compactly supported Hamiltonian vector field V = J∇f , by (ii) we can choose a 0 , a A ∈ R, A = 1, ..., 2n, such that 
Then φ j → 1, and |∇φ j | → 0 pointwise. Moreover,
Using (2.3), we have
By (2.4), we get
Let {e 1 , · · · , e n } be a local orthonormal basis of T Σ, {e n+1 , · · · , e 2n } be a local orthnormal basis of N Σ. We make the following convention on the range of indices: 1 ≤ i, k ≤ n; n + 1 ≤ α ≤ 2n. Recall that (cf. [4] )
, and
By our computations (9.2)-(9.7), using the condition that |A| 2 ≤ C 0 + ε|x| 2 , we get Denote f j = φ j f . In the following, we will use V j = J∇f j as a variation. Then In order to use the dominated convergence theorem, we need to control all the terms that include φ j in (9.16) and (9.17).
Since f is an eigenfunction of L, we know that f ∈ W 2,2 (Σ). Note that our notations (6.1) and (8.1) satisfy Therefore, for any h ∈ R and y ∈ R 2n , we have
Choosing δ such that δ 2 ≤ 1 4 µ(1−µ) f 2 , we get F ′′ j < 0 for every h and y. This contradicts with (i).
This completes the proof of the theorem. Q.E.D. Since the eigenvalues and eigenspaces of L on
satisfy (ii), it follows immediately that Corollary 9.3.
is Hamiltonian F-stable.
In particular, the cylinder S 1 ( √ 2) × R n−1 ⊂ C n is Hamiltonian F-stable.
Remark 9.4. In [13] (Theorem 5), Lee-Lue gave an equivalent condition for F-stability of self-shrinkers in higher codimension, which has some kind of connection with our theorem for Hamiltonian F-stability of Lagrangian self-shrinkers. In their paper, they pinned down the stability of self-shrinkers in higher codimension to the mean curvature vector being the first vector-valued eigenfunction for an elliptic system.
Note that for the special case n = 2, by (2.4) we have |x| 2 − 4 is an eigenfunction of L which corresponds to the eigenvalue 1 if |x| 2 − 4 = 0. Besides, by the remark after Theorem 1.1 of [4] , |x| 2 = 4 implies that Σ must be the Clifford torus which satisfies λ 2 (L) = 1. Therefore in this situation, the condition λ 2 (L) ≥ 1 in (ii) of Theorem 9.2 can be changed to λ 2 (L) = 1. Thus we get an improved statement of the characterization theorem for the n = 2 case: Theorem 9.5. Let Σ 2 ⊂ C 2 be a smooth complete Lagrangian self-shrinker without boundary and with polynomial volume growth. Suppose there exist constants C 0 > 0 and ε < 1 32 such that |A| 2 ≤ C 0 + ε|x| 2 . Then the following statements are equivalent:
(i) Σ is Hamiltonian F-stable.
(ii) λ 1 (L) = 
